
 

Category Categorification

plan Categories Functors

Adjoint

Group actionson categories
Categorifications

Examples

In statistics applied maths quantities are concerned Lie find the
probability or prove an equation holds

In pure mathematics structures are more often
concerned ie finding

two structures are related or the Game
And category theory isthe formal way of carrying this out

In short pure mathematicians often
works at least 1 categorical level

higher than applied mathematicians

Whare is a category

Det A category e consists of a

objects o E e
morphismsarrows given G G objects in E

f E Honea c

such that morphisms can compose fE HomLG Gl g t HomLG G
I got cHome



satisfies associativity to f of f off of
identity 1 GEHomLx x

El ex of f f f E Homly x
g ex g Ag E Hom x y

sign here means they are the same arrow1

Example eGrp category of groups
objects are groups lie a object is a

group
morphisms are group morphisms

feelus

Motor

Ring Category of rings

Tied Category of fields
his

category Field is a bit strange as the only
possible field maps are injections ie tied extensions

Moreon Categories

1k category Hom sets are 1k vector spaces

Example Vecchia

Non Example Grp

1



I
GreyAdditive category Given A BEE possible to defineA B

also f g EHomCAB possible todefine fog
Example Mode via ani property

Non Exaghe Fed Ring

floretAbelian CategoryAdditivedgivenAtoB possibleto define ker
Example Modp

Raker

Non Example Ring Fired has to send 1 to 1

Example Shiv

Non Example VeceBary finite rank

o 0µs Op skysnapper o

sideuate on VeaBun by Serre Swan theorem vector bundles

correspondto fg projective
modules over OCx kerlookerLP R

doesn't have to be pay again

I
Monoidal

category A category
where tensor product is possible

bi additive exe e

B Enriched Category Each Hom e C is an abject

of D
Example fk categories are exactly Weak Enriced categories

Are7 Additivecategories are exactly Ab Enriched

L category Enriched over ready
categories

ie morphisms are categories



p g
functors

Functors are maps between categories

f E D is an assignment

Fad f XEL and Fifi f ft Hom x

St f e e

Fug fadoFoy
Example forgetful functor Homology 14 notHtt

Cat Category of all Gmail categories
morphisms are functors

Natural Transformations

are maps
between functors F h C D

N F G is an assignment

th FH GUY St

FH GW

Fff is 1649

FLY a

Think about a mop
between

grp representations

Funck D is a
category

each objea is a functor

morphisms are natural transformations

Thus we see Cat is a 2 Category i each hem see

h



is also a category Themorphisms of thehemsets are called 2morphisms

It is possible to define maps between natural transformations and 3 Categories

Another
important example

i objects ane Moda A a ring
Norquoritas

atmorphisms are given by bimodales AND
Moda Mods AND

2 morphisms are isomophisms or homomorphisms of bimodules
Wewill think about Nor a toe in this reading seminar probably

Adjoints CF G between L B
is

e D
G

are adjoints it Hom FM NJ Home M GN
is a isomorphism functorial in both arguments

Example Tensor Hoon adjunction

All adjunctions I can think of are hereonless of this farm

Eton Y X E E HomLY Honk 8D
Byproduct is Ind Res adjunction

Relation to homological algebra



tighe adjoints are always left exact

left adjoint are always right exact

Therefore is right exace
R Hom is left exace

F is left exact if Fperservelimits his righeexact if G
Inparticular perserve kernals Ie perserve eoliwits

if o M Me M 0 isexact

then o_OFund FIND FEB is exact

Exace left 1 right exact

Enroup actions on Categories

Groupoid a category s.to Vfettomlx.gs I f'tHanly x
ft fo ft ey ie all morphisms are

f of ex
invertible

Then Honk x is naturally a group

A groupoid is a group with multiple objects

Example of groupoid I X
objects points

mers i paths
homotopy

E LX so Hump hits x

h



Rmd One could instead form a 2 Cae where 2 morphisms are
homeopies

Group actions on categories

Naively GEC is

fig L a functor AgEG
se fCgh Figs Fth

But this is too strict typically wewon'tget equality

general
principle

unitors themselves live in a category so we instead

ask for ng h FgsfCh E Fcgh
a natural isomorphism

and
ftp.F.chjfki

hhksFgsFlhkjRg.hitELk

Rghk

Rgh K
Fogh Fck s FighH are equal

Thenaiveaction is the same as G Aut L map of groups
where Aut e is the group of automorphisms of e

Theactual action is the same as G Aut L a monoidal

functor where G is viewed as a monoidal category with obfees elements of
G group law arrows are identities Antle viewedasa monoidal car
With Composition arrows are natural isomorphisms



One Can Also View G as a 2 Cat with a signalobject arrows a group elements

arrow composition Group law 2 morphisms identity ViewAue E as a 2 cat

as well then the action is the same as a 2 funder from fr to
Aue k
The procedure of gong from monoidal categories to 2 categories is called

delooping One can see 2 categories as monoidal categories with multipleobjets

Categorification

Categorification is the process of replacing set theoretic theorems
with category theoretic analogues

replaces sets with categories

functions functors

equations natural isomorphisms

The opposite
direction is called decalegorification

These are not precise procedures and there can be many ways
of cdescategeriting
Very often categorification provides more structures and farther

insights into the problem

Monoidal rMonoid

Infant example finVectk categenfies IN
Hi 1140km Knox1km

f I T
N N t M n x m

Decategorification is by taking dim isoclassesGrothendieck groups

h
n



One sees that htm mtn knot1km A Km IK
nm ma Ik HYE 1km Ik

In a similar way Graidedkeep categories polynomials

knot Theory

Khorana homology Heegaard Hoerknot homology

fcategorities Categories

Jone polynomials Alexander
polynomials

A knot is i S Ngs
A link is a projection of image of i to R

ie S 1133 Is IN
A knot can give my link diagrams they are related

by skein relations Reidemoister moved

Jane polynomials Alexander polynomials are classical

knot invariants lie that k la PLK PLK

Khoranov hemlogy of K is a graded vectorspace St its Enter

characteristic EHIdinVi is gone poly

Khorana homology deteces the unknot it is not know if
Jone poly does



poy

In Wei's talk categorification of reps of 5h helped to
construct a derived equivalence of

BLT hrln.la D Grla n KD

Given an Artinian abelian category E we can define it
Grothendieck

group k.CL
It is an abelian

group generated by Ecj Mere

cGob E with relations is o o C a o

is a SES then a Edt EG

Example e Abelian
groups then Hpd 0 Eko e

as 2 2 24oz 0

One can similarly define Koff F a functor

ko is a popular way of decategorification
In Wei's talk Kott has used to construe the equivalence

Very similarly Chuang k Roaquier used a very similar categoritiata
method to solve the abelian defece

group conjecture for symmetric
groups



A bit more on ko
As we said A mod

fcategorities

KOCH

However Sometimes we dont gain extra info

Forexample if A GG then GG med E GH nad
iff koLGG E koCeti This is a restatement of Main

Theorem of character Table

But is it possible to recover G ar ich from

GG mod1h rep or Kotch

The answer is Yes and this is the context of
Tannaka Duality one form of ie

Lee Fiala med rect be the forgetful functor

then Huett 2h

One can also View Riemann Hilbert correspondence 144 rep Local
as an instance of Taanaka duality


