
 

D module

D stands for differential operators

Motivation from PDEs

D modules form a bridge

Representation theory Part't D and Part't Algebraic
geometryBB RH

of Lie gps lie algs local systems

partO Intro motivation

part I Riemann Hilbert Correspondences geometrytopologicalReptheoretic interpoffy

Part II Beilinsen Bernstein Localisation
Connections to Rep theory of
Ss Lie algIgp

part II Kazhdan Lusatig Conjecture Using geometry to do rep
theory

Party figmods
on singular spaces

part 0

Field we work over X algebraic variety smooth

Fire consider over CarAa

Consider linear partial differential operators

d t in



Ei ti in III I 1
ti in C Glen in 1 0

Such element frm an algebra not commutative D
Kathodlol

multiplication is characterised as

04 a Ix H ie E's xj.tl lxg gtxfxgs
sci Xj o

leibniz rule

O

IT xj
O

This is known as Weyl algebraWnon n variable

A D module is a motilelap of Wn

Example Day W 64.2
2 2 1

For general X We get a sheaf consisting of
local data gluing

Given a PDF P naturally we wave to find the solutions

to P We can do this using D modules

We can associate P a D module

D C l b d



notevery D med is
Dp Mgp left module of thisturn

Then Homo Mp O Homo Mpp O

lifeHomoCD O 14401 01

HonautB B ne Ife 01 Pf ol
HomoC OJ is the Solayfantor but

fh
DR functor Is used more were on this later general a local

system

The above construction can be extended to a system of PDEs

sidenate on categories functors

Category a see of things Cobiects
d mops

between themlmorphisms

e.g Ela mod G reps
Affia affinedg varieties Conn k algot

functor natural functions between categories

send objects to objects morphisms to morphisms

fatibleJcFibksef.Res
Ind ane functors also pullback of

takes commuting diagrams to commuting diagrams
Vector bundles

Derived
category suppose we have

M M M



O M M M 0

then O sound south ToSouth ExtMsO

Not surjective

Fix use derived
category and derived tuners the can extend

on the right

objects consise ofcouplexes of objects

morphism

maps of complexes with quasi isomorphisms inverted

Dont
worry too much about this I will only use derived

category

to State theorems

End of part 0

part I Riemann Hilbert

We also want the solution to be finite dimensional

this leads to a subcategory called holonomic D modules

I won't define them

To study a space X ie is natural to study the category

of Vectorbundlefocalsystem coherent sheaves on X
This is like saying to study R it is natural to



study R mod
finite tonitedim
r r

A local system L on X is a locally constant G linear

sheaf Basically on every chart we attach a copy of e

and they glue nicely The end result can be non trivial

Eg Thinking of a Mobius band Crank1 1s

If X is connected the local system is equivalent to

reputations of a x by monodromy assign G cThat theoperation
of moving along 8

for example Mobius band IT JEZ 646
h l e TL

Therefore we have

make a loop

local systems 1 1 1 mod
deck transformation

Riemann Hilbert HS tianya.ua

upgradedcomplete

this picture holonomic D mud
with regular singularity

This picture is technically wrong



p g g
Mone precisely RH

D mods a holyDnods z hat regularsingularity Perverse sheaves

µ classical

flat connections 2 flat conn rs Local systems
RH

Example DKdc se s copy of monodromy

GET not a local system get a pervasive sheaf

More generally
hot D HG

bound Dmed B supported at 0
Dbm Dx mod Ea

Dba x

D I dig holonomic adits constructible

singularity

Important question what is regular Let U 61101

E.g Du t

Nk d i attempt to Soun Idek Ideal
But M.EDU

puy
sollMD CyEd this is not

a one to onecorrespondentfunitions

The Det of regular stop exactly this from happening M not regular

M is

Back to KH lb
Moreover the equivalence preserve Important functors on both sides

This is known as the six functor formalism



That is on both sides there are 6 derived functors whenever

there is a f X Y think about HE G

they are

f pushforward think about Ind j

f't pullback n Res

fi Leoceptional Pt I am not going to define them

f L pb but some properties take p X pt

ID dual Hitxlex HideLX G for smoo

Hom Hitical think ftp.aiiifd

More precisely it is saying that the RH CA

will send the D mod theoritic of f
to the localsystemtheoritic of f
ie RH is functorial wort these operations

Therefore to study the geometry of X is the same as

studying D mod on X

End of pare I
a

part II Bahnsen Bernstein localisation theorem

statement

Dq
mod

so qgI.du
DGB



U B

a

deductive

gp's
p u.ws

mlUgiwimerIgfgme.renhpB

B Borel 7
see exopheLater

This is complicated we will only define some terms anddo a

good example

reductive gp i like Sla
Borel subgp like A

Ug ToyUg like EEG holds reps of g cxyyx ex.gg

g i lie algebra of h CTangent space of Gate
repsof g ane dosedly related to repsofG

Ug mod the reps where the centre arcs by Eero

Example G Stu B upper triangular

Efp is ingeneral a flag variety

9 51 Eceh f e Colo

1 with the K h fiTraceless

matrices Eh ft It f Yooie H h
2 Usk GET whereC is a Casimir

c thiefIfe
So by Usk mod we mean an Sta representation



such that a aces by o

Recall All finitedim reps of share givenby highest weight

ie 7 VEV SI e V O

h V Nh V for soredeh't

call them lids

These general to infinitedim tops call Verma modules.MG

These have basis i v fo f v
with action e ko h Xv f fi f v

Relation between Mcd Lcd

if XE Zao alg integral dominant

then o Mfd 2 Medi Lcd 0

Remark There are no finite dim top of DH

How is
SYD related to p this is really juse

orbit stabiliser Sl ppl

EI a c

j r



B Ii of is

Sh aces onpl via multiplication

EI Guy att b

Ct t d

for Z Jt Mobius transform

since IP is not affine to get algebra
modules we

need to take global section

We illustrate use example Tx 4 93
no
dearest

on hi Tu LZ 7

Ui Tu Lw Lw

on U huh we have relation

W z l

U Alk speakIz E

Tu.nu L Z E 7



Tpi Tu

de it

W t z I

tow fats H I CE5 Edda

Tpi is the biggest algebra such that the diagram commutes

Can check Tip Lady t Iz take

If we map e s E
s l Tpl h ZZ ft

f Eda

This is a lie algebra map In fact isomorphism

However this doesn't induce

Usk TCH Dx
because c th'tettfe is send to 0

We instead get
Us

su
FLIP's Dpi



Example f module at o

ELI this is more naturally a right D module

action
is
given

by fourier transform then multiply

si j't I I

22 J 222 Kitty

It 2 Ed Z Citi Ji
ti City ji 1

Therefore This form a rep of lower weight 2
with lomose weight vector 1 8

The dadof this rep is Mr Verma module

of height weight 2

End of part II


