
 

Seidel Thomas

Braid group actions on derived categories of coherent

sheaves

Goal construct Braid group actions on Db x for some
Varieties X for exampleCalabi Yau MyfriendJianzhouhashelped

me a lotwith Hmsstuff
This action is faithful for dimX 72 Heis currently a studentof

sheetGanatra atUSC andworking
ie Bm Auteq Db X injective toward braidgroupactions on

perversesheaves onWeinsteinManifolds

Hemainly workson theAside

Motivation How did they come up
with this

Homological mirror symmetry We will spend quite
Some time on this

Although most of the proofs don't use HMS and
handle Dbcx directly

Examples Resolutions of ADE singularities
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Nakajima
quiver varieties

I
T

talk on this later

many more exaples in the paper

Addendum Anteq Db x alway contains Ace Auer Apic x x2

when W or wi is ample then AneeqDID Aca
Fano

h

 



What is HMS
Ms originated from string theory which I don't understand

It says something like saymore 46 10 6soup
orcoup doesnteffectnotdeteceiblehenceexpectequivalence

There are pairs X M of two spaces such that
while X M have very different geometries but are requivalene
when employed as extra dimensions of string theory

More mathematically Kontsevich formalited HMS as

X M X Complex alg variety

M a real symp manifold
Both compact Kahler Calabi Yau lie MMM

On

such that D X EDFuk MB Ct
an equivalence of triangulated categories

Saymore SYZ

Some remarks D x is derived
category of coherent shares out

May my wording wasn't great there this is saying FX ICMP
conversely FCM PJ I X St x is true
though I think not 7 as far as I know

It Carries a lot of information has a ton of applications in
enumerative geometry But for our purpose we have

AuteqDEDE AuteqDFuk M B Gt
Where

Auteq triangulated equavilences of triangulated categories
I don't like the word exact



t is prone for
When the paperwas written only for

X Elliptic curve M Torus
Now this has been generalised to

Surfaces related to gentle algebras

Toril manifolds I think
fibrations of above I think using tilting

obieces

H is believed to hold beyond Calabi Yan case

this is related to Landau ginzburg I think
Bbfuk M p can be attached to any compact symplectic manifold

SeidelFukayaCat
with CEM 0 O G MTA o C m say more.inigIEEYiai
D Fuk M B unlikeD xD in general is not a

darned cat of an abelian cat
it contains objects Lagrangian

submanifolds L
with a unitary line bundle U it a m to OE
with Z shifts Lei it21
Morphisms definedby Hom Li 4 is 47 4 La OR 4
This is a graded rector space with the usual

HE 4,4 HELLED 4 HELL LED
Can compose morphisms

Because ie is triangulated it has mere objects than Lei

tho it is generated by them

I



How does HMS help us
Recall

HaleyDX E Auteq DbFuk MIP

Clearly if we can handle subgps of the RHS we

can find something insightful about the LHS

Clearly SympLM B the group of sympletic automorphism
acts on M

Hence Sgmplm B Auteq DbFuk Mip
But isotopic automorphisms give the same action so

Tolsymp M P Auteq DbFukLM Ps

It turns out there is a notion of graded version of
symplectic automorphisms in DbFuk denoted

Symp Msp which

is a central extension of symp by 21
Hence

a sympgren p Auteq DbFuk MB

The z in sympocM p fuse corresponds to shifts in Dhx
Hence composing with CA

a syrup M B Ante Dba Hranslations t

h I



What can we say about the 445 of f
Let's look at the example

From previous talks we know that theis Dehn twist along s
is a symplectic automorphism same for Os
Ig aces on homology HCM

g is is itdim on 1
otherwise

Here x is a cycle s is the fundamental class

lie imageofH s H T
is the intersection pairing

in particular Ig 5 S s

Recall that Ig and Ig satisfy the braid relation of B
it TjGts I Ets'T

Therefore B S Symp T



Now we can generate from T to any symp
manifold

the s and S to so call Lagrangian Spheres S
The S will have generalised Dehn twises Is

Def an Am configuration of Lag spheres Si Sm ECMB
is such that

Ising
I lift 1

O 11 j 32

Then is Ism satisfy the braid relations for Butt
This is proved for surfaces at least I dont know thegeneral
resale

Now composed with t we have

Bmt ii symptm.BY AuteqDbFakCMp
films

AuteqDb x

I quatient

AuteqDb X cranslation

Now the question is this is a motivation and we want to

prove something Therefore we need to take a guess of the
image then prove thing directly using alg geo homological alg



What should be the image
observations It s is a lag sphere they

Hongba 5 5 HFCS 5 0 4 E H S G

If E corresponds to S in HMS

then Hong E E H S E

cohomology of a sphere therefore whatever E is we

shouldcall it spherical object

There is known to be a long exact sequence

HF IsClo 4 HELL 4
proved by seidel

HFCS 4 HELLOS

which is seemed to be induced by the exact triangle

Is Lo to

E f contravariant

HFCS L.jo g

tht 4 is

If Is corresponds to de in Db x then we should

have

I F F
Lo corresponds I F

b
Homie F GE



This is the defining property of Fourier Milia transform EMT

along the element
cone ED E Oo E Db Xxx

4th
We can check Dad Dad

FMTcone F E EFFOx cone
is derived

Th Cone EFF EDE IF 000 henceresp triangles

E Cone ItFOXTite Ite Tty do convertingouterB
to inner

A one atHom E F XO E IF do easy to see

hence resp triangles
one came.is

gi

g
i

I Ie F Axiom of

This is notgoodenough because I am using local freeness of E
But this is serving a justification of why Dehn twises

corresponds to FMIs under HMs

We will see examples when E is locally free
We now abase notation we write Te to be
FMTconeCIDE 200

It is known that E ly Y stet y Le
for ye k X 2 the Euler pairing



Now compare this with
Ig aces on homology HCM

Ig 3
is a is ifdime I

otherwise

Here x is a cycle s is the fundamental class
lie image.tt s 4 T

is the intersection
pairing

in particular G 5 S s

This is enough evidence and motivate the following
definition

Det EE Dbex is spherical f
x an alg variety

Hom E E H Saint

E Ux E y
later obviousdont need this

if X is Calabi Yau This is related to

an Am config is E Em St

Dba Ei Ej
1 ji 1

dime Hom
Ii 5122

Theoremist Te is an exact self equivalence

If Ei Em is an Am config

then Te satisfy Braid relations of Bmx

it dimX 22 this is faithful



ST proved this without using HMS
Therefore conjecture

Bmt AuteqDbFuk Mp
fans

AuteqDbcx

If Hus is true then for dint 22
the Dehn twist action of Butt should also be

faithful

Now we are
going to forget HMS for some time

talk about some aspects of the proofs

Thereare technical subtleties such as replace FEDba by a

complex of injectives which technically doesnt live in Dba anymore but we
are going to ignore issues like this can be resolved by doing morehomo ag

We have defined Eef Cone home F GE F
Theclaim is Ie is invertible

Thecandidateof inverseis given by 91 F cone F linhom homeEl El

It HomCE E k if i o k
o otherwise



I her

Hom't E X Hom E F HomCE E Ek x

is non degenerate

Then Ie Ie are inverses

Nate here we are not using thefare we are working in Dex

any triangulated category is fine
The proof uses a lot of tensor hom adjunction and

homological algebra

The second x is equivalent to EOWy EE if we
work in D x and X is smooth projective This is pretty
much a restatement of some duality alg geo version of
poincare duality

if X is quasi projective then need to the dualising sheaf
P'Ope rather than We and this becomes a restatement of
Grothendieck duality

About braid relations

I think everything follows from the key lemma

If E is a spheredal then

this is proved by unwinding
HH KEELEDIE E IE TIE the def andgeneralabstractnonsense

t



From this lemma all braid relations follow

For example if Hom E E O ti then TeTe Te Te

Pf Homes E E E E E
8

E E Ie Ei

IF I FILED

by A IEIE E EE Ei

The other relation can beproved similarly

Now the authors of the paper said they didn't bother to
check is the action is strong lie in Deligne's sense

or not

I believe it is but I didn't bother to check

either This requires a be of diagram chasing



Example if X is strict Calabi Yau ie We Ox
d H'Cx Ox 0 04am then any line bundle is
a spherical object just because Hom L L Z Ox

If Yc X local complete intersection in smooth prog with the
normal sheaf 0 4 4

Assume that Wxly is trivial
that H Y NV o f o sitjan Then dyeDba

is a spherical object

Pl Kostal resolution Exit Hoy ixG I Nv
Spectral sequence gives Exercioy I Oy O oaran

Duality gives the rest

Application of previous point

Let X be a surface suppose C is a
smooth rational

curve C set C C 2 self intersection then C satisfies the
conditions of the previous point

C C 2 is saying PDCC A PDC 2Ex
PD is the the Poincare dual of Htc thx

Fact c c deg u the deg of normal sheaf

Explain in words here so deg V 2

Hi LC NV O

Adjunction formula Wk Oc

I



if Cn Cm of such curves

Cincy 9 for 11 5122 Honda o

CinCin 1 for it m 1 Hold Q e

then Oc 0cm is an Am config

What is a concrete example of the above
Where do we find these 2 curves

Example Let G my Haz C Shack

acting on 1A then X AK spec easy
This is singular with sing x image of O thefixed
pi of the action

Lee I be the blowup of X at the sing pl
Tip

I
µ

it
y

na OXO

It is well known that p sing is a union of p s
with intersection graph ftp.i Dynkin graph of type

P p p N Am

Ie is not hard to believe that Ci G Cartan matrix

Cartan matrix for Az Ii this gives the condition



So Oc form an Am config

Moreover it is known that DECA z Db I H

If we take E QQ K E CohaCx where Vi are the
one dim reps of Cruel

then it is easy to see that

Hom
b E E MR Q VixD

G

Kostal res for i 0 where R Eh the reg rep

This also satisfies the conditions

And in fact E Oc under G


