



































































































































Nakajima's quiver varieties Kac Moody actions

with a View towardfrom symplectic resolution theory

Main ref Lectures on Nakajima's quiver varieties

by Victor Ginsburg

What do we do

From Wei's talk there were 3 things

1 View things as special cases of Nakajima's quiver
varieties then apply Nakajima's results

2
Categarity Ck

3 Do geometry c

In this talk we focus on 1 with emphasis on

the symp
resolution point of view

More precisely we are
going to define general Nakajima's

quiver varieties and study their symplectic geometric

properties

https://arxiv.org/pdf/0905.0686.pdf






































































































































Setup quiver directed graph Q.LI e
assume without

loops EEite
eg 1

eg 2

framing
D D

1 t s

Take Cotangent space ie double the arrow

D

I A

RMI A few ways of thinking about framing
1 Nakajima was a differential geometer at one point
studied Gauge theory me ADAM equation Exg t o
this t is term only appears when you have training

2 Thinking quiver varieties as moduli spaces framing is like
marked points or bundles with a choice of trivialisation






































































































































3 practical reason if no framing the variety is 0

most of the time

Nakajima quiver variety

for every vertice ie I framing EQ chose

a numberNo i.e I W E NI Think K K as Hilbertpoly's

The space of all reps of the quiver is

RepCQTIWJi t0HomLVi.VjJ t0HomCVi.Wi

II ED

ftp.Homlwi Vi
where dim Vi ri

dinWi wi

There is a GL V GLU action on it
IGI

g x y i j gag ggg igt gj
There is G eqirarient moment map

1h Rep OT I e 9529
x y i j E Eng t ji ADAM






































































































































So given RE 2Lgu O GLU a

Def Ma CQ e K K'd facer
We merely consider the case NO

King's stability

Cx g i j E MCD is Q semiseable

it U S EV which is stable under themaps
x dy we have

S E kerj tie I O dim S E O

S J Image KEI 3 O dim SEO dinVN

Example I no

0 0 Cl it
ur a re sur

semistable means that 2 j are injections

Moot TFL r E






































































































































Q CO O
Then

any Pt is O semistable

What is Moo some land of nilpotent

orbit closure
0 0 L l

Senstable means that y I are surjections

Mao T Flor en
but now flags are an s c at

Mo

tmo

where is the gap alg go
The claim is that Moo Mao is an example of

a symplectic singularity in many cases a symplectic resolution

Def Lett X be affine normalPoisson variety
Tu I x is a symplectic resolution if

I is smooth symplectic St EO Oy as a poisson

algebra and a resolution of singularities






































































































































Quote symplectic resolutions are the lie algebras of the

21st century Okounkov

properties

1 Semismall dim xxxx dim X
Therefore dim of lined components dim X

2 X is a union of finitely many symplectic

leaves X LIX each Xa is locally closedsmooth

3 In the case of a conical symplectic resolution

lie that there are G actions on T and X such
that I is equivariant and contracts X to a point O
then I o is a homotopy retract of IT and
HCT G I H Tico a

4 More generally Tillany point is isotropic

jpgsense of

When is MaoLu w Mao a symplectic resolution

Answer Almost always when no is v regular






































































































NO EAX Z E EX IRIERIXRIXAT

EIROIR
Lee RIKE 271101 Car V52 KEI

This is the set of reels when Q is Dynkin or affine Dynkin
this coincides with the usual roots

Ca is the Cartan matrix Ca 21 AQ Aa is the
adjacency matrix

Back to the example we had mom

Eat
and R Ice ej
for self write at IER de o

AG is v regular if

CAGE CIROIRI I V R N
KERLOLLEY



if X G 0 Ot which is e oxo oxo Go

in A IF
1 a to 10,0 land so is v regular for

all v

So Mo VW Mao
is a symplectic resolution

when 4 0 the Weyl group WGSu acts on O's

Mo O E Mo O if Q Q in the
same chamber

So when we were in type A
there were 2 chambers 0 1 0 1

in o
type An

there are un chambers

There is a Gt action on the cotangent direction

t x y if xty is
the map Mo Moo is at equivarient

The point is that I Ma is a lagrangian subvariety



and in the case when Q has no oriented cycles Mo lol
So Ti o is a Lagrangian in the quiver case

BM homology

There isnt a notion of fundametal class for non compact manifolds in
usual homology theory bae there is for BM homology

M X Mr X M3

Pi

M XMj
Uclosed

not P o Pizan z

Zig

Hilt x Hyles Haj dimm 2120223 A

Cn Cn P na My A Ca DxM
Now see M M Z MxyM for Tv my paper

This forms an algebra H.CZ

pick yet My Tig
See Mi Mr M Ms Pt

Zn Z 223 My 2120223 My

H G E H Ny



Now back to the quiver case

Lee mew LM LV W

Mo w I Mao VW

Z CW It Mo
V W x

MooChul w
Mo Bw

in other words 2 W MW X
Moa
Mcw

Lee Hwa Hap 2 us

Let Tirwho be the Lagrangian
Mo UW

lean
Moo

Lw Hop 4Tivwho
Using top as there is a shift in LA andsemismall

property

makes sure we stay in top deg And Lagrangian also has the right

dim

I think

Hw C Lw



Theorem Na There is an algebra map

4 Tiga Hw
and Lw is a single integrable ga module
with highest weight

z
wi Wi W fundamental

weight

when Q is typeA this was first discovered by Ginzburg

Lagraingam construction of the eventing algebra Ucsb

Define BYCv w Cut v V eRep Q urea W

Vcu subrep

St Im in We 3Vi cu

By cu W is a irreducible
component n Z v Wren W

Define EI ZEB cows

Let Olu W be the diagonal in Mtv w xMag V
W

Then FKLOWWI LOCKEWIEK

Appearrely this is easy to check


